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The emission of entangled light from planar semiconductor microcavities is studied and the en-
tanglement properties are analyzed and quantified. Phase-matching of the intra-cavity scattering
dynamics for multiple pump beams or pulses, together with the coupling to external radiation, leads
to the emission of a manifold of entangled photon pairs. A decomposition of the emitted photons
into two parties leads to a strong entanglement of the resulting bipartite system. For the quantifi-
cation of the entanglement, the Schmidt number of the system is determined by the construction of
Schmidt number witnesses. It is analyzed to which extent the resources of the originally strongly
entangled light field are diminished by dephasing in propagation channels.
PACS numbers: 03.67.Bg, 03.67.Mn, 42.50.Dv, 71.36.+c
I. INTRODUCTION
The interaction of light and matter is a fundamental
issue connecting elements of quantum optics and solid
state physics. It offers a wide range of quantum effects,
for example, the emission of various kinds of nonclassi-
cal light. These phenomena sensitively depend on the
interaction of light with the fundamental excitations of
the crystal. The nonclassical correlations of such systems
can be used for various applications, such as quantum in-
formation processing, quantum metrology, and quantum
communication (see, e. g., [1, 2]).
One of the most prominent quantum phenomena is en-
tanglement. It has been studied since the very first ideas
of non-local superpositions of wave functions arose [3, 4].
Entanglement has been used to perform a number of clas-
sically impossible operations in theory and experiment,
such as, quantum teleportation, secure communication,
and distillation protocols [1, 2]. The latter ones require
copies of entangled mixed states to distill pure entan-
gled states [5, 6], namely Bell states [7]. One problem is
the feasibility of appropriate quantum memories to store
and manipulate the individual, entangled copies [8, 9].
Despite this, the determination of entanglement of, in
general, mixed quantum states is still a challenging task.
Typically, quantum correlations are determined from
measurements of correlation functions. Here, we aim to
quantify the measured correlations in terms of entangle-
ment. The tricky relation between entanglement and
correlations was mainly analyzed for spin systems [10,
11]. Various entanglement measures have been intro-
duced [12, 13] and compared numerically and analyti-
cally [14–17]. It has been shown that the evaluation of
an entanglement measure, especially for mixed states be-
yond qubits, is a sophisticated problem.
In the first instance, it is convenient to quantify entan-
glement for pure states only. One example is the Schmidt
number (SN) [18–20]. For pure entangled states the SN
counts the number of required superpositions of local
product states to express the given state. A generaliza-
tion to mixed quantum states can be achieved by a con-
vex roof construction [21]. The SN of a general quantum
state can be determined by making use of the method
of SN witnesses [18, 22]. Recently, an approach based
on generalized eigenvalue equations—so-called SN eigen-
value equations—led to a general construction scheme for
SN witnesses [23]. Note that such an approach does not
exist for other entanglement measures. Another advan-
tage of the determination of the SN via SN witnesses is
that these witnesses represent experimentally accessible
observables.
Common approaches for the generation of bipartite en-
tangled states consider type-II parametric down conver-
sion [24] or biexciton decay in quantum dots [25, 26]. An-
other prominent example is based on parametric phenom-
ena in two-dimensional semiconductor microcavities [27–
34]. They are known to realize a strong coupling between
cavity photons and excitons [28] resulting in an anticross-
ing of the mixed exciton-photon modes, called lower and
upper polariton branches. The ground state of the polari-
tons has been studied with respect to general quantum
properties [31] and entanglement [35]. Stimulated scat-
tering processes of polaritons within the lower branch
have been shown to result in a large angle-resonant am-
plification of the pump field [36, 37] and to produce po-
larization entangled polariton pairs [32, 34]. Scattering
processes involving both polariton branches can lead to
the emission of photon pairs, which are entangled with
respect to the branch index [29, 31].
In the present work we show that semiconductor mi-
crocavities can be used to generate strongly entangled
photons and demonstrate how their entanglement can
be identified. In our study, we apply different pump
beams to the microcavity, which leads to the emission
of a large number of entangled photon pairs. These pair
correlations can be identified as a strong entanglement,
if we decompose the emitted light into two ensembles of
beams. The identification of these strong correlations is
done using SN witnesses. We quantify the impact of a
2lossy channel on the strongly entangled systems by deter-
mining the SN. This procedure is closely connected to the
solution of the SN eigenvalue equations. As a result, we
show that different degrees of dephasing require different
kinds of witnesses to detect strong entanglement.
We proceed as follows. In Sec. II, we briefly recapitu-
late the physical description of the polariton formation in
planar microcavities. The intra-cavity scattering dynam-
ics leads to branch entangled polariton pairs, which will
be discussed in Sec. III. The coupling of the polaritons
to radiation modes considered in Sec. IV yields strongly
frequency-entangled photons. We verify their correla-
tions by the use of entanglement and SN witnesses. In
Sec. V, we study the dephasing due to the propagation
of the frequency-entangled radiation through a linear dis-
persive medium. Section VI presents our conclusions.
II. PLANAR MICROCAVITY MODEL
In this section, we briefly recapitulate the quantum
Hamiltonian model for semiconductor microcavities. It
is based on the bosonic picture of interacting exci-
tons [29, 38, 39] and can easily be used to investi-
gate polariton parametric scattering in momentum space.
Another common approach is based on the dynamics-
controlled truncation formalism [40–42] that can be writ-
ten in terms of the T matrix [43].
In semiconductors the fundamental excitations are
electron-hole pairs with radius RX and binding energy
Eb = e
2/(2ǫRX), with ǫ being the static dielectric con-
stant of the crystal. Since excitons are composite par-
ticles made up of fermions, they have an internal struc-
ture. Moreover, we have to take into account an effective
exciton-exciton interaction [38, 39],
HXX = 6Eb
R2X
A
∑
k,k′,q
b†k+qb
†
k′−qbkbk′ . (1)
In this equation bk (b
†
k) are bosonic annihilation (cre-
ation) operators of excitons with wave vector k and dis-
persion EX(k), and A is the sample surface. Since we
consider planar microcavities, all wave vectors in Eq. (1)
shall be in-plane. As a simplification, we assume disper-
sionless excitons EX(k) = EX and work in units where
~ = c = 1.
Coupling the excitons of the crystal to in-plane cavity
photons with dispersion
EC(k) = EC(|k|) = EC(0)
√
1 + (k/k0)2 , (2)
where k0 = EC(0), we have to consider the exciton-
photon interaction. The harmonic part of this interaction
is given by
HXC = ΩR
∑
k
b†kak +H. c. , (3)
where 2ΩR denotes the vacuum Rabi-splitting and ak
(a†k) are bosonic annihilation (creation) operators of the
. . .. . .
linear
mediu
m
θ
ez
pla
nar
mic
roc
avi
ty
polychromatic pump
H
−
H+
E
(k
)
0
E1
EX
EC
E2
k
-0.15
-0.1
-0.05
 0
 0.05
 0.1
 0.15 -0.1
-0.05  0
 0.05  0.1
 0.15
 1.5
 1.505
 1.51
E/eV
kx / k0 ky / k0
 1.498
 1.5
 1.502
 1.504
 1.506
 1.508
 1.51
(a)
(b)
(c)
FIG. 1. (Color online) Sketch of the considered physical
processes. The inset (a) shows the dispersion relations of the
excitons, cavity photons, and polaritons. Part (b) visualizes
the interbranch polariton pair scattering. Panel (c) depicts
the emission and propagation of the emitted entangled light.
cavity photons with in-plane wave vector k. It leads to
lower (j = 1) and upper (j = 2) polariton branches
Ej(k) =
1
2
(
EC(k) + EX ∓
√(
EC(k)− EX
)2
+ 4Ω2R
)
,
(4)
which depend on the modulus k = |k| only.
Figure 1(a) schematically shows the polariton disper-
sions E1(k) and E2(k) (solid lines) as well as the dis-
persions EC(k) and EX of the cavity photons and the
excitons (dashed lines). Note the anticrossing of the po-
lariton branches, which is due to the strong coupling of
exciton and cavity photon modes. The parameter 2ΩR is
oftentimes called polariton splitting, since it determines
the distance E2(k)−E1(k) when the exciton and cavity
photon modes are resonant, EC(k) = EX .
The anharmonic part of the total Hamiltonian of the
exciton-photon interaction (saturation) is [37, 38]
HsatXC = −
1
2
∑
k,k′,q
ΩR
nsatA
a†k+qb
†
k′−qbkbq +H. c. , (5)
where nsat = 7/(16πR
2
X) is the exciton saturation den-
sity. Together with the exciton-exciton interaction HXX
it gives rise to an effective polariton-polariton interaction
HPP =
1
2
∑
k,k′,q
∑
j1,j2,
j3,j4
R2X
A
V j1j2j3j4k,k′,q p
†
j1k+q
p†j2k′−qpj3kpj4k′ .
(6)
Here the pjk (p
†
jk) are bosonic annihilation (creation)
operators of polaritons in the lower or upper branch with
in-plane wave vector k. The effective branch-dependent
potential V j1j2j3j4k,k′,q can be calculated through a unitary
Hopfield transformation [44](
bk
ak
)
=
(
M11k M12k
M21k M22k
)(
p1k
p2k
)
(7)
3as
V j1j2j3j4k,k′,q
Eb
= 12M1j1k+qM1j2k′−qM1j3kM1j4k′
−
8π
7
ps
(
M2j1k+qM1j2k′−qM1j3kM1j4k′
+M2j4k′M1j3kM1j2k′−qM1j1k+q
)
. (8)
In Eq. (8) we have introduced the ratio of polariton split-
ting to binding energy, ps = 2ΩR/Eb. For the matrix
elements of the Hopfield transformation one finds the re-
lations
M22k =M11k = 1/
√
1 + ρ2k , (9)
M12k = −M21k =
√
1−M211k , (10)
where
ρk =
E2(k) − EC(k)
ΩR
. (11)
Note that in contrast to the relations used in Ref. [29]
the coefficient M12k is always positive.
In Fig. 2 we show the dependence of the squared co-
efficients M211k and M
2
12k on the modulus k of the wave
vector k for different values of the normalized detuning
δ =
EC(0)− EX
2ΩR
. (12)
For large values of k the coefficient M211k → 1, and con-
sequently excitons and cavity photons do not mix. The
polariton modes are equal to the separated exciton and
cavity photon modes. For smaller k the value of M211k
depends on the detuning δ and the polaritons are a com-
bination of excitons and cavity photons. This mixing is
due to the strong coupling of excitons and cavity photons.
III. BRANCH-ENTANGLED POLARITONS
Since we are interested in the generation of entangled
polariton pairs, we consider a situation where a pump
laser stimulates scattering processes of polaritons. It was
shown theoretically in Ref. [34] and experimentally in
Ref. [32], using “which-way” experiments, that pumping
the lower polariton branch can lead to the generation
of polarization-entangled polariton pairs. Here we are
interested in a different situation where the pump laser
drives coherently the upper branch at a given wave vec-
tor kp, as illustrated by Fig. 1(b) for kp = 0.05k0ex,
EC(0) = 1.5 eV, ΩR = 2meV and δ = 0. The pumped
polaritons (solid black circles) scatter into states be-
longing to different branches, j1 6= j2 (open black cir-
cles). In this setting, frequency or branch entanglement
arises since both paths (indicated by the green lines)
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FIG. 2. (Color online) Coefficients of the Hopfield transfor-
mation matrix in Eq. (7), for the parameters EC(0) = 1.5 eV
and ΩR = 2meV. The solid lines correspond to M
2
11k and the
dashed ones to M212k. The color of the curves indicates the
values of the normalized detuning δ. For large values of |k|
the coefficient M211k converges to one and M
2
12k vanishes.
are indistinguishable, i. e., they are simultaneously phase-
matched. For strong pumping we approximately replace
the annihilation operator p2kp by its mean field value
〈p2kp〉 and use P
2
2kp
= 〈p2kp〉
2R2X/A. This yields a para-
metric Hamiltonian
HparPP =
1
2
∑
q
P 22kp
(
V 1222kp,kp,qp
†
1kp+q
p†2kp−q
+ V 2122kp,kp,qp
†
2kp+q
p†1kp−q
)
+H.c. (13)
that approximates the polariton-polariton interaction
Hamiltonian (6) for the scattering process of Fig. 1(b).
Note that each pair of polariton creation operators has
a different effective potential, such that we cannot factor
out the effective potential as done in Ref. [29]. Addition-
ally, there is a mean-field shift of the branch-dependent
energy:
E˜j(k) = Ej(k) + Λ
j2
k,kp
|P2kp |
2 , (14)
where
Λj2q,kp =
1
2
(
V j2j2q,kp,0 + V
2j2j
kp,q,0
+ V 2jj2q,kp,kp−q + V
j22j
kp,q,q−kp
)
.
(15)
Assuming that the scattering wave vector q fulfills the
phase-matching condition for the considered interbranch
polariton pair scattering process,
E2(1)(kp + q) + E1(2)(kp − q) = 2E2(kp), (16)
the Hamiltonian HparPP from Eq. (13) applied on the vac-
uum state |vac〉 generates branch-entangled pairs of po-
laritons in the state
|φ〉 =
(
α p†1kp+qp
†
2kp−q
+ β p†2kp+qp
†
1kp−q
)
|vac〉 . (17)
4Here we introduced the parameters
α = V 1222kp,kp,q
[(
V 1222kp,kp,q
)2
+
(
V 2122kp,kp,q
)2]−1/2
, (18a)
β = V 2122kp,kp,q
[(
V 1222kp,kp,q
)2
+
(
V 2122kp,kp,q
)2]−1/2
, (18b)
characterizing the properties of the material. In contrast
to Ref. [29], the state |φ〉 in Eq. (17) is not a Bell state
(for α2 6= β2), which is due to the inequality of the effec-
tive branch-dependent potentials. As usual, α2 + β2 = 1
ensures the normalization of |φ〉.
In that the polariton energy dispersions E1,2(k) de-
pend on k only, the phase-matching condition is fulfilled
if
|kp + q|
2 = |kp − q|
2 , (19)
being equivalent to q ⊥ kp. The second part of the
phase-matching condition in Eq. (16) yields
EC(|kp + q|) + EX = 2E2(kp) . (20)
The solution of this equation gives the absolute value of
the scattering wave vector q:
|q|2 =
(2E2(kp)− EX
EC(0)
)2
− 1− |kp|
2 . (21)
Because the sign of q remains unspecified, the phase-
matching condition is fulfilled for two equivalent inter-
branch polariton pair scattering processes. Entangled
polaritons in the state (17) appear due to the indistin-
guishability of these scattering channels.
As we have mentioned above, the value of β influ-
ences the non-local character of |φ〉, cf. Eq. (23). In case
β2 = 1/2, we have a true Bell state, and |φ〉 is separable
for β2 = 0 or β2 = 1. In all other cases, we have an entan-
gled state as a superposition of two product states. Such
states are referred to as Bell-like states. They violate a
Bell inequality, but not maximally [7].
In Fig. 3 we plot the value of β2 for the phase-
matching scattering wave vector q following from
Eqs. (19) and (21) as a function of the normalized de-
tuning δ and the polariton splitting to binding energy
ratio ps. From this figure we can deduce that the state
described by Eq. (17) is a true Bell state only on a spe-
cific line in the (δ, ps) plane. For values of δ and ps apart
from this line the state of the polariton pair is an entan-
gled Bell-like state. Since δ and ps are determined by the
material, we are in the position to tune the entanglement
properties of the polariton pairs. For example, we might
consider materials, where the polariton splitting is of the
order 2ΩR ∼ 4meV, while the exciton binding energy ap-
proximately is Eb ∼ 10meV. Since the ratio of the anhar-
monic exciton-photon interaction to the exciton-exciton
interaction, [4πΩR/(21Eb)]
2, is of the order of 10−2, it is
a fairly good approximation to omit the anharmonic part
of the exciton-photon coupling. The particular choice
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FIG. 3. (Color online) Magnitude of β2 in the (δ, ps) plane
according to Eq. (18b) for EC(0) = 1.5 eV, Eb = 10meV and
kp = 0.05k0ex. The phase-matching scattering wave vector q
follows from Eqs. (19) and (21).
ps = 0 causes a simpler effective branch-dependent po-
tential
V j1j2j3j4k,k′,q
Eb
≈ 12M1j1k+qM1j2k′−qM1j3kM1j4k′ , (22)
V 1222kp,kp,q = V
2122
kp,kp,q
, and α2 = β2 = 1/2. Obviously,
such microcavities create polariton pairs in a Bell state
configuration.
Another important effect results when we apply several
pumps with different pump wave vectors kp1,kp2, . . . to
the microcavity. Motivated by experiments is a pump-
pulse train, where all kpn, n = 1, 2, . . . are aligned in
the same direction but have different amplitudes. Then
we have a phase-matching condition for each kpn. Ac-
cordingly, branch-entangled polariton pairs appear for
all phase-matching scattering wave-vectors qn following
from Eqs. (19) and (21) by inserting the respective pump
vector kpn. Then the state of N branch-entangled polari-
ton pairs takes the form
|ψ〉 =
N∏
n=1
(
αn p
†
1kpn+qn
p†2kpn−qn
+ βn p
†
2kpn+qn
p†1kpn−qn
)
|vac〉 . (23)
The normalization
∏
(α2n + β
2
n) = 1 of this state follows
from the property α2n + β
2
n = 1 for each n.
5IV. ENTANGLEMENT OF EMITTED LIGHT
A. Frequency-entangled photons
In the following, we consider the emission of entangled
light from the microcavity. As shown in Ref. [29], the
coupling of the intra-cavity polaritons to an external field
can be described by the quasimode Hamiltonian
HextFP =
∑
j,k
∫
dω g(ω)|Mj2k|
2a†ω,kpjk +H.c. (24)
with a frequency-dependent coupling g(ω). The creation
operator a†ω,k describes an emitted photon with frequency
ω and in-plane wave vector k. The coupling of each
branch to the external field is proportional to the pho-
tonic fraction |Mj2k|
2. If the |Mj2k|
2 are of comparable
magnitude, the branch entanglement of the polaritons
transfers to a frequency entanglement of photon pairs in
the state
|ψ〉 =
N∏
n=1
(
αn a
†
n,− a
†
n,+ + βna
†
n,− a
†
n,+
)
|vac〉, (25)
where the multi-indices are defined as
(n,±) =
(
E1(kpn + qn),kpn ± qn
)
,
(n,±) =
(
E2(kpn + qn),kpn ± qn
)
.
(26)
Obviously, E1(2)(kpn − qn) = E1(2)(kpn + qn), for scat-
tering wave vectors qn, fulfilling the phase-matching con-
dition (16).
We now identify the entanglement of the multiple pho-
ton pairs as strong entanglement by changing the point of
view according to Fig. 1(c). For this purpose, we decom-
pose the compound Hilbert space H of the emitted pho-
tons into two parties,H = H−⊗H+, where the subspaces
H± contain all photons emitted with an in-plane wave
vector kpn±qn, respectively. In Fig. 1(c), this yields two
spatial subspaces for all photons emitted to the left-hand
side or to the right-hand side. We choose this particular
decomposition in order to quantify entanglement in possi-
ble which-way experiments. It is important to stress that
other possible decompositions could be treated similarily,
but they may give other outcomes [1, 45]. Our particular
decomposition is motivated from experimental accessibil-
ity. Consider, for example, the above mentioned pump
pulse train, where all kpn are aligned in the same direc-
tion ep, but have different amplitudes. Then, according
to the solution of the phase-matching condition (16) in
Sec. III, all scattering wave vectors qn are perpendicular
to the symmetry axis ep, i. e. photons with wave vectors
kpn ± qn are spatially separated.
Let us describe this decomposition mathematically.
We may introduce the states |0〉n for a photon with an en-
ergy E1(kpn+qn), and |1〉n for a photon energy E2(kpn+
qn). With these definitions we get a
†
n,−a
†
n,+|vac〉 =
|0〉n ⊗ |1〉n and a
†
n,− a
†
n,+|vac〉 = |1〉n ⊗ |0〉n. Thus, the
state |ψ〉 in Eq. (25) reads
|ψ〉 =
N∏
n=1
(
αn|0〉n ⊗ |1〉n + βn|1〉n ⊗ |0〉n
)
. (27)
The expansion of this product yields a sum of 2N prod-
uct states(
N∏
n=1
|in〉n
)
⊗
(
N∏
n=1
|1 − in〉n
)
= |i1, . . . , iN 〉 ⊗ |1− i1, . . . , 1− iN〉 (28)
with in ∈ {0, 1}. The sequence (in)
N
n=1 can be un-
derstood as a binary representation of an integer m
between 0 and 2N − 1, whereas the corresponding se-
quence (1 − in)
N
n=1 gives the complement integer m =
(2N − 1)−m. As a result we obtain
|ψ〉 =
2N−1∑
m=0
γm|m,m〉 (29)
with coefficients
γm =
N∏
n=1
[
(1− in)αn + inβn
]
. (30)
The expression (1 − in)αn + inβn equals αn for in = 0
and βn for in = 1. The normalization condition reads
2N−1∑
m=0
γ2m =
N∏
n=1
(α2n + β
2
n) = 1 . (31)
Note that in the form of Eq. (29) |ψ〉 is no longer a multi-
partite product state, but a strongly entangled bipartite
state.
B. Identification of strongly entangled states
To identify bipartite entanglement we use entan-
glement witnesses [46, 47], or, more specifically, SN
(Schmidt number) witnesses. For pure states the
SN arises from the Schmidt decomposition of the
state [2]. For example, if we consider the pure state |ψ〉,
cf. Eq. (29), the SN is the number of nonzero coefficients
γm. Thus, the SN quantifies the entanglement based on
the quantum superposition of the product states |m,m〉.
SN witnesses can also be employed for mixed quantum
states.
The construction of SN witnesses is a challenging task.
Recently we have shown that one can use general Her-
mitian operators to identify the amount of entangle-
ment [23]. A (in general mixed) quantum state has a
SN greater than r if and only if there exists a Hermitian
operator L with
〈L〉 = Tr ρL > fr(L) , (32)
6where
fr(L) = sup
{
〈ψr|L|ψr〉 : |ψr〉 SN r state
}
. (33)
A SN witness can be constructed from (fr(L)I−L). Ob-
viously, the case r = 1 is equivalent to an entanglement
test [47]. A possible way to identify the value of the func-
tion fr(L) is based on a generalized eigenvalue equation—
the so-called SN eigenvalue equation—which takes the
form
L|ψr〉 = g|ψr〉+ |χ〉 (34)
with |χ〉 being a bi-orthogonal perturbation, cf. [23]. The
value g is the SN eigenvalue and the vector |ψr〉 is the SN
eigenvector. The largest SN eigenvalue is the value of the
function fr(L) for the SN test in Eq. (32). The case r = 1
delivers the separability eigenvalue equations [47], and we
have shown that they also apply to the identification of
entanglement via negative quasiprobabilities [48, 49].
Now, let us measure the entanglement with respect
to the chosen decomposition of the Hilbert space H. To
determine the SN of the state, we consider the projection
L = |ψ〉〈ψ| and obtain 〈L〉 = 〈ψ|L|ψ〉 = 1. For the
function fr(L) we get
fr(L) = max{γ
2
m1+· · ·+γ
2
mr : mi 6= mj for i 6= j}, (35)
which is the sum of the r largest squared Schmidt co-
efficients [23]. Due to the normalization of the state,∑2N−1
m=0 γ
2
m = 1, the value of fr(L) is smaller than 1, if
there exist more than r values βm 6= 0. In conclusion, the
considered pure state |ψ〉 has a SN of 2N , in the general
case that all αn, βn 6= 0 for n = 1, . . . , N .
We conclude that the emitted light, which directly cor-
responds to the cavity-internal quantum state, is strongly
entangled. In order to generate such a state, the quantum
superposition of local states |m,m〉, is required at least
r = 2N times. These strongly entangled outputs ver-
ify the internal quantum correlation between the branch-
entangled polaritons inside the cavity structure. How-
ever, in a more realistic scenario, we have imperfections
causing a loss of quantum entanglement. For example,
the initially strongly entangled state |ψ〉〈ψ| could un-
dergo a dephasing. In the limiting case of full dephasing,
the state ρdeph becomes
ρdeph =
2N−1∑
m=0
γ2m|m,m〉〈m,m|, (36)
and contains no interferences of the form |m,m〉〈l, l| for
l 6= m. In this scenario, the SN equals the minimum
value one for the separable state ρdeph. This means that
this state is useless for any protocol based on entangle-
ment. In the following, we will study the amount of en-
tanglement in the intermediate region between no and
full dephasing.
V. DEPHASING
In quantum optics the role of losses is crucial and
has to be considered carefully. On the one hand there
are internal losses leading to branch-, wave-vector-, and
excitation-density-dependent broadenings for the polari-
ton modes. Examples are scattering with acoustic
phonons [34, 50], mixing with states of the exciton con-
tinuum [51], Coulomb induced parametric scattering [50],
or losses through the cavity mirrors. On the other hand,
there are external losses diminishing the initially avail-
able amount of entanglement. Once entangled radiation
is emitted out of the cavity a major source for the loss
of entanglement is dephasing [23, 49]. We here aim to
quantify this lossy channel, i. e., we neglect all internal
losses and assume that the microcavity emits strongly en-
tangled photons that shall be detected at a certain fixed
distance.
A. Propagation through different linear media
In the bipartite setting under study, the two parts of
the entangled radiation field would in general propagate
through different media, cf. Fig. 1(c). In the case of
pumping by a pulse train, already some small differences
in the dispersive properties of the two media would lead
to significant relative phase shifts and hence to an overall
dephasing effect diminishing the entanglement between
the output channels of the two transmission lines.
Let us assume two media with linear dispersions given
by ω±(k), where the index ± indicates the propagation
in H±, respectively. The Hamiltonian reads Hdeph =
H− +H+, where
H± =
N∑
n=1
[
ω±(E1n)a
†
n,±an,±+ω±(E2n)a
†
n,± an,±
]
(37)
with the energies E1n(2n) = E1(2)(kpn±qn). Recall that
energies for wave vectors kpn±qn are identical for phase-
matching scattering wave vectors qn. These Hamiltoni-
ans are diagonal in the photon number basis, such that
H±|m〉 = Em,±|m〉 (38)
with modified eigenvalues in the binary representation
(in)
N
n=1 of the integer m ∈ [0, 2
N − 1]:
Em,± =
N∑
n=1
[
(1− in)ω±(E1n) + inω±(E2n)
]
. (39)
It is obvious that the vacuum can be expressed in the
same way using the dispersion relation ωvac(k) = k.
The time evolution of the initially emitted radiation is
|ψ(t)〉 = e−i(H−+H+)t|ψ〉
=
2N−1∑
m=0
e−i(Em,−+Em,+)tγm|m,m〉 .
(40)
7The spatial distances from the cavity to detectors in the
left and right subspaces are assumed to be equal. How-
ever, the optical path lengths differ in both parties and
depend on the frequency components of the propagat-
ing fields. Effectively, the arrival times at the detectors
differ for the different field components created by the
microcavity system. This leads to the exponential fac-
tor in Eq. (40) which takes into account the phase shift
between the two parties of photons.
To obtain the photon state measured by the detectors,
we have to average over the different arrival times to
account for the different optical path lengths. In prac-
tice the resulting statistics depends on the details of the
dispersive properties of both media representing the two
propagation channels. Such a treatment must be based
on an experimental analysis of the used channels, which
is beyond the scope of the present paper. To demon-
strate the basic principles, we simply suppose an equally
distributed difference of the arrival times in the two chan-
nels. This yields
ρ(t1, t2) =
1
t1 − t2
∫ t2
t1
dt |ψ(t)〉〈ψ(t)|
=
2N−1∑
m,l=0
γmγl e
−ixml(t1+t2)/2
× sinc
(
xml
t2 − t1
2
)
|m,m〉〈l, l| ,
(41)
with∫ b
a
e−ixt dt = (b− a)e−ix(a+b)/2 sinc
(
x
b − a
2
)
, (42)
where xml = (Em,− + Em,+ − El,− − El,+), sinc(y) =
sin(y)/y. The state ρ(t1, t2) in Eq. (41) represents the
structure of the density operator of entangled light suffer-
ing from dephasing. For ∆t = t2− t1 →∞ we obtain the
separable state ρdeph. All the correlations generated by
the branch-entangled polaritons vanish in this extremal
situation.
Clearly there is no dephasing if the photons in both
Hilbert spaces H± propagate through the same medium,
ω±(k) = ω(k), as it is perfectly realized in vacuum chan-
nels. Under such conditions, the sum
Em,± + Em,∓ =
N∑
n=1
[
ω(E1n) + ω(E2n)
]
(43)
is independent of m such that xml = 0 for all m, l ∈
[0, 2N − 1]. The difference in the optical path lengths
only depends on the difference of the dispersion relations
between left and right Hilbert space. Thus, without loss
of generality, we can assume that we have a free-space
propagation in H+ and a linear medium in H− as antic-
ipated in Fig. 1 (c).
B. Detection of strong entanglement
To quantify strong entanglement in the continuous-
variable mixed state ρ(t1, t2) for finite ∆t, we need to
find a suitable test operator L. As we have seen in the
case of pure states, the test operator should be closely
related to the density operator in order to have a large
value on the left-hand side of Eq. (32). On the other
hand, the value fr(L) should be as small as possible. To-
gether this means that we should use a test operator L
in the form
L =
2N−1∑
m,l=0
Γm,l|m,m〉〈l, l| , (44)
with the positive semi-definite matrix of coefficients
Γ = (Γm,l)
2N−1
m,l=0 . (45)
As shown in Ref. [23], in such a case we can obtain the
function fr(L) just by determining the largest eigenvalue
of all r × r principal submatrices of Γ.
To construct a suitable test operator we consider the
given state ρ(t1, t2) =
∑2N−1
m,l=0 ρm,l|m,m〉〈l, l|. Let x
(k) =
(x
(k)
m )
2N−1
m=0 be the kth eigenvector of the coefficient matrix
(ρm,l)
2N−1
m,l=0 for a nonzero eigenvalue. Then we choose
L to be the projector in the subspace spanned by the
vectors
|x(k)〉 =
2N−1∑
m=0
x(k)m |m,m〉. (46)
This means Γm,l =
∑
k x
(k)
m x
(k)∗
l . Analogously to the
case of a pure state we obtain
〈L〉 = Tr ρ(t1, t2)L = 1. (47)
As long as the subspace given by all |x(k)〉 does not con-
tain a SN r vector |ψr〉, for the projection L holds:
fr(L) = sup
|ψr〉
〈ψr|L|ψr〉 < 1. (48)
Hence we get a SN greater than r whenever fr(L) < 1 =
〈L〉.
At this point, let us comment on the particular choice
of the observable L. The fact that L is a projection
guarantees a high verification rate of the SN test given
by (32). The main advantage of using L, which depends
on ρ(t1, t2), relates to the appearance of a large mean
value 〈L〉 on the left-hand side of (32), representing the
measurement outcome. By contrast, the right-hand side
of the SN inequality test, for our choice, takes a compa-
rably small value fr(L) because the projected subspace
of L, by construction, has no SN r state in its range.
In Figs. 4 and 5, we plot the SN of the state ρ(t1, t2)
depending on ∆t for different values of the normalized
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FIG. 4. Amount of entanglement within the state ρ(t1, t2)
depending on ∆t and quantized by the SN. We apply three
different pumps with wave vectors kpn = 0.025nk0ex, n =
1, 2, 3 to the cavity. The system parameters are EC(0) =
1.5 eV and Eb = 10meV. The dispersion of the medium is
chosen to be ω(k) = 0.5k. Based on our units ~ = c = 1,
we choose a typical reference time scale t0 = 1 eV. The inset
shows the behavior for weak dephasing.
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FIG. 5. Amount of entanglement within the state ρ(t1, t2)
for N = 4 different pumps. The parameters are the same as
in Fig. 4, aside from the additional kpn for n = 4.
detuning δ and the ratio of polariton splitting to binding
energy ps. Figure 4 shows the case, where the microcav-
ity is pumped by three beams with different wave vectors
aligned in the same direction. Hence, the maximal pos-
sible SN of the emitted radiation is eight. Applying an
additional pump, the maximal achievable amount of en-
tanglement increases to 16 (see Fig. 5).
Both figures indicate that an increasing dephasing due
to the increase of ∆t, yields a decreasing SN. For ∆t = 0
the SN of the state ρ(t1, t2) is equal to 2
N , which is the
maximum value. The jumps of the value of the guaran-
teed SN from r to r− 1 occur for values of ∆t where the
corresponding witness fails to identify a SN larger than
r. For a fixed value of ∆t the SN strongly depends on the
properties δ and ps of the planar microcavity. A higher
number of pump beams—and thus a higher initial SN—
may significantly increase the range of ∆t for which the
state ρ(t1, t2) is still entangled (compare Figs. 4 and 5).
VI. CONCLUSIONS
We have discussed polariton scattering processes
within planar semiconductor microcavities with a focus
on the possible creation of entangled polariton pairs. In
extension to previous works, we show that a polychro-
matic pumping of the upper polariton branch, as moti-
vated by experiments, leads to a simultaneous creation
of multiple branch-entangled polariton pairs. The cou-
pling of the intra-cavity scattering dynamics to an ex-
ternal field then transfers these kinds of quantum corre-
lations to frequency-entangled photon pairs. Since the
entanglement properties of these photon pairs are deter-
mined by parameters of the device, the measurement of
the photon correlations gives valuable information about
the internal branch-entanglement within the microcavity.
The simultaneous creation of photon pairs renders it
possible to generate an arbitrary number of copies of en-
tangled qubit states ρ, of the form ρ⊗ ρ⊗ · · · ⊗ ρ. Such
kinds of states are desired to perform quantum opera-
tions based on entanglement, such as quantum telepor-
tation. Usually the generation of such states requires
that a source of entangled states produces at each time
a state ρ, which will be stored in a quantum memory to
obtain the desired number of copies. Here, the number
of pump beams or the spectral properties of a pump-
pulse train determine the maximal number of simultane-
ously available entangled qubits. By properly choosing
the wave vectors of the pump field, one can optimize the
Bell type correlations within one or more of those entan-
gled qubits. Microcavities pumped with a single pulse of
polychromatic light serve as generators of copies of en-
tangled qubit states, making optical quantum memories
superfluous. Decoherence due to the storage time in a
quantum memory cannot occur.
If desired, the multipartite pair correlations can be
mapped to strong bipartite entanglement. The quantifi-
cation of such correlations can be done via the determina-
tion of the Schmidt number, which automatically quan-
tifies the multipartite pair correlations and the branch
entanglement in the microcavity. From our results fol-
lows that the Schmidt number of such an unperturbed
system is maximal and it can be controlled by the prop-
erties of the pump field. A dephasing channel diminishes
this resource of entanglement. However, we showed that
a high amount of entanglement can be guaranteed for a
certain range of parameters. By using a higher number
of pump beams or properly designed pump pulses, one
9may not only increase the initially available amount of
entanglement, but also its resistance against dephasing.
ACKNOWLEDGMENTS
This work was supported by the Deutsche Forschungs-
gemeinschaft through SFB 652 by projects B5 and B12.
[1] R. Horodecki, P. Horodecki, M. Horodecki, and
R. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[2] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
Cambridge, 2010).
[3] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47,
777 (1935).
[4] E. Schro¨dinger, Naturwiss. 23, 807 (1935).
[5] C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher,
J. Smolin, and W. K. Wootters, Phys. Rev. Lett. 78,
2031 (1996).
[6] B. Hage, A. Samblowski, J. DiGuglielmo, J. Fiura´sˇek,
and R. Schnabel, Phys. Rev. Lett. 105, 230502 (2010).
[7] J. S. Bell, Physics (Long Island City, N.Y.) 1, 195 (1964).
[8] K. Hammerer, A. S. Sørensen, and E. S. Polzik, Rev.
Mod. Phys. 82, 1041 (2010).
[9] K. Jensen, W. Wasilewski, H. Krauter, T. Fernholz,
B. M. Nielsen, A. Serafini, M. Owari, M. B. Plenio, M. M.
Wolf, and E. S. Polzik, Nucl. Phys. 7, 13 (2011).
[10] U. Glaser, H. Bu¨ttner, and H. Fehske, Phys. Rev. A 68,
032318 (2003).
[11] F. Verstraete, M. Popp, and J. I. Cirac, Phys. Rev. Lett.
92, 027901 (2004).
[12] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight,
Phys. Rev. Lett. 78, 2275 (1997).
[13] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Rev.
Mod. Phys. 80, 517576 (2008).
[14] J. Eisert and M. B. Plenio, J. Mod. Opt. 46, 145 (1999).
[15] A. Miranowicz and A. Grudka, J. Opt. B: Quantum Semi-
class. Opt. 6, 542 (2004).
[16] M. Plenio and S. Virmani, Quant. Inf. Comput. 7, 1
(2007).
[17] J. Sperling and W. Vogel, (2010), preprint.
[18] B. M. Terhal and P. Horodecki, Phys. Rev. A 61, 040301
(2000).
[19] A. Sanpera, D. Bruß, and M. Lewenstein, Phys. Rev. A
63, 050301 (2001).
[20] J. Sperling and W. Vogel, Physica Scripta 83, 045002
(2011).
[21] A. Uhlmann, Open Sys. & Inf. Dyn. 5, 209 (1998).
[22] D. Bruß, J. I. Cirac, P. Horodecki, F. Hulpke, B. Kraus,
M. Lewenstein, and A. Sanpera, J. Mod. Opt. 49, 1399
(2002).
[23] J. Sperling and W. Vogel, Phys. Rev. A 83, 042315
(2011).
[24] P. G. Kwiat, K. Mattle, H. Weinfurter, A. Zeilinger,
A. V. Sergienko, and Y. Shih, Phys. Rev. Lett. 75, 4337
(1995).
[25] O. Benson, C. Santori, M. Pelton, and Y. Yamamoto,
Phys. Rev. Lett. 84, 2513 (2000).
[26] U. Hohenester, C. Sifel, and P. Koskinen, Phys. Rev. B
68, 245304 (2003).
[27] C. Weisbuch, M. Nishioka, A. Ishikawa, and Y. Arakawa,
Phys. Rev. Lett. 69, 3314 (1992).
[28] R. Houdre´, C. Weisbuch, R. P. Stanley, U. Oesterle,
P. Pellandini, and M. Ilegems, Phys. Rev. Lett. 73, 2043
(1994).
[29] C. Ciuti, Phys. Rev. B 69, 245304 (2004).
[30] W. Langbein, Phys. Rev. B 70, 205301 (2004).
[31] C. Ciuti, G. Bastard, and I. Carusotto, Phys. Rev. B
72, 115303 (2005).
[32] S. Savasta, O. Di Stefano, V. Savona, and W. Langbein,
Phys. Rev. Lett. 94, 246401 (2005).
[33] C. Diederichs, J. Tignon, G. Dasbach, C. Ciuti,
A. Lemaˆıtre, J. Bloch, P. Roussignol, and C. Delalande,
Nature (London) 440, 904 (2006).
[34] S. Portolan, O. Di Stefano, S. Savasta, and V. Savona,
Europhys. Lett. 88, 20003 (2009).
[35] A. Auer and G. Burkard, Phys. Rev. B 85, 235140 (2012).
[36] P. G. Savvidis, J. J. Baumberg, R. M. Stevenson, M. S.
Skolnick, D. M. Whittaker, and J. S. Roberts, Phys.
Rev. Lett. 84, 1547 (2000).
[37] C. Ciuti, P. Schwendimann, B. Deveaud, and A. Quat-
tropani, Phys. Rev. B 62, R4825 (2000).
[38] F. Tassone and Y. Yamamoto, Phys. Rev. B 59, 10830
(1999).
[39] C. Ciuti, P. Schwendimann, and A. Quattropani, Phys.
Rev. B 63, 041303 (2001).
[40] V. M. Axt and A. Stahl, Z. Phys. B 93, 195 (1994).
[41] S. Savasta and R. Girlanda, Phys. Rev. Lett. 77, 4736
(1996).
[42] S. Portolan, O. Di Stefano, S. Savasta, F. Rossi, and
R. Girlanda, Phys. Rev. B 77, 195305 (2008).
[43] R. Takayama, N. Kwong, I. Rumyantsev, M. Kuwata-
Gonokami, and R. Binder, Eur. Phys. J. B 25, 445
(2002).
[44] J. J. Hopfield, Physics Reports 112, 1555 (1958).
[45] P. Zanardi, D. A. Lidar, and S. Lloyd, Phys. Rev. Lett.
92, 060402 (2004).
[46] M. Horodecki, P. Horodecki, and R. Horodecki, Phys.
Lett. A 223, 1 (1996).
[47] J. Sperling and W. Vogel, Phys. Rev. A 79, 022318
(2009).
[48] J. Sperling and W. Vogel, Phys. Rev. A 79, 042337
(2009).
[49] J. Sperling and W. Vogel, New J. Phys. 14, 055026
(2012).
[50] S. Portolan, O. Di Stefano, S. Savasta, F. Rossi, and
R. Girlanda, Phys. Rev. B 77, 035433 (2008).
[51] D. S. Citrin and J. B. Khurgin, Phys. Rev. B 68, 205325
(2003).
